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XXV. A new Method of inveftigating the Sums of infinite Series.
By the Rev. S. VINCE, 4. M. of CAMBRIDGE,. in a
Letter to Henry Maty, 4. M. Secretary..

Read June 6, 1782..

SIR,

" YAVING lately difcovered fome very eafy methods of
inveftigating the fums of certain infinite feries, I have
taken the liberty of requefting the favour of you to prefent
them to the Royal Society. I have divided the fubjeét into
three parts: the firft contains a new and general method of
finding the fum of thofe feries which pE MoI1VRE has found in
one or two particular cafes; but whofe method, although it be
in appearance general, will, upon trial, be found to be abfo-
lutely impracicable. ‘The fecond contains the fummation of
certain feries, the laft differences of whofe numerators become
equal to nothing. The third contains obfervations on a cor-
rection which is neceflary in inveftigating the fums of certain
feries by colle@ing two terms into one, with its application to
a variety of cafes.

I am, &c.

Cambridge,
May 3, 1782.
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The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ' )7
Philosophical Transactions of the Royal Society of London. STOR IS

WWWw.jstor.org



390 Mr. viNcE's new Method of

P AR T I

L E M L
Let v be any whole number, and then the fluent of

I+x
can always be exhibited by circular arcs and logarithms; but
when x =1, the fluent of the jame Suxion will be expreffed by the

. . . I 1 , . o
infinite feries 1 — et +~ i 5—;:} + &c. the fum of this feries

therefore can always be found by circular arcs and logarithms.
L E M IL
£ it s ; a at+b
To find the fum of the infinite feries o=t

a+42b
..._.___.&C‘
2r+1. 3r1

Affume 1 — 2 . . =9S: th .
flume i byt 3r+1+&c S; therefore,

A I — r+1 — 2r+l &Cavco :S-
() l.l‘+l+r+l.2r+l 2.r+1.3r+|+

In the firft feries, add together the 1t and 2d, the 2d and 3d,
&c. &c. terms, and the refulting feries will evidently be equal
to twice that feries minus the firft term ; therefore,

(B), r + T — &c. ... =25-1.
71 7+1.2:+1 2r+1.3 41
X + 1 Y Ll
A — 1 ‘_r" [ S
Now (2)1 - N 2 &= ,
1.r+1 r41.2rF1 2741, 37+ 1 r
or ! - 2 ‘ +&c. . ..

Y41 2541 2r+1.3/+1

~tw

= &Cool—

I
o -t -
Y XL, r41 r<=1.2r4+1

Now
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Now the fum of the lower feries, omitting the firft term, is

2S

equal to — B divided by »*, or = — ; hence, by tranfpo-

fition, and, multiplying both fides by'b we fhall have,,

b 26 2bS—7+1.5
- +&c.. =0 by
F41.2rF1 27 41.341 S+ % ; alfo. by

multiplying B by = we have

4 __ e ____+,___.__‘f._._..._.__.&c;,.,.:za a; fubtra&
1.74+1 r+1.2r4+1 2r41.3r+1 - r

the laft equation but one from the laft, and we fhall have

a atb i a+2b —-&c - _Zra-—r+2.bx§-—m+r+1.b
T.r+1 r+1.2741 2r-iI.3r+z

r

Cor. 1. Hence it appears, that the fum of this feries. can
never be exhibited in finite terms, except a:basr+2: 2r, in

which cafe the fum is equal to»r——%é -

3 e — - . .
HenCG,1le-3,é-2,th€I’ll’—- l ,r.nm_a-s—é'l‘s 4"&000--—-1 9
- — onp=24. « 5 __9 13 17 I,
ifa=1,b=4,thenr R 7.II+11-15 T t&eoe =23
. 6 . 4 7 io .13 I
= = ) == . - 2 e =g
ifa=4,5 3,thenr 57 T g.11 11.1v7+x7.23 23.297!' ¢ 20

Cor 2. Put a=c -, and we fhall have, after tranfpofition,.

c c+bh + & gr+2 b—2reXS—2r+1 b+7:+ —b
PbL.2r+1  ar41. 3?—}-1 e o~ re1

P R O P L

To find the fum of the infinite [feries et

m+-n m-+2n +&ec.

—-—

2r 1. g+, 471 4r4 1. 5rk1. Ot

Every
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Every feries of this kind may be refolved into the following

a+ b . a+t2b k1)
- — e N + &c. for
I.74+1 r+1.2r41 2r4+1.3r+1 . 3r+1.4741
if we reduce two terms of this feries into one, it will become

feries

2ar —b aratar—1.b 2vat 4 —1. b
i". r+1.2r+1 2741 .+3r+ L.4r+1 +:_;:(—- [_‘:;4-{- 1. 6rF1 + &o.
where the denominators being the fame as in the given feries,
and the numerators alfo in arithmetic progreffion, we have
only to take a and 4 fuch quantities that the refpettive nu-
merators may be alfo eqml, affume, therefore, 2ra -b=m,

2ra42r—1.b=m+n; therefore, b= .21, a= Z"ZT”‘, which
r ’

{ubftituted for 2 and 4 in LEM. 2. gives
e ————‘+ : ki mtan } &ctqoo
IT.r+te2r+1 2r+1.3r+1. 4741 4r+1.8§741. 6r+x

[,

e

m— . 2741 . n—2rm,
- 27 r+1 XS+ +

ars 4_73
Let =1, and we have
] , mtn m+ 2n 3n—2m
+ +&ec.. .. =m—-n.S4322,
1.2.3 3.4:5 §5-6.7 4
Ifm=1,n= 1 g4 4 7 &ci... =1 —2S;
A v A TR e S 4 7

I I I I
s = &-o.o': -
m=1,n o,1.2.3+3__4.5+5‘6.7+ c S ;

Let =2, and the feries becomes

;" 5+5m;'"9 9.";’:"2:'3+&c. _f%ai"x S+5f_§;i’_”’.
Ifm:x, n=1, 1.31'5+5_72.9+9.“3_13'+&c. - :~I—S6~+§§;
M=y B0, 1.'31.5+5.7I.9+9.1:.x3+&c° Tt =;S{-£IT.
Let r= g, and we fhall have
71'_.—5”%;"'11'71-2’1.21 21'7:6%.}_&&'“ =§-"-:-27-5§fo+]_‘_?.5%3‘3'-"

2 If

=]
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‘ 2. 3
=1,n= - - &c. o0 :': —_—
Wm=1,n=1 7% 11+‘11.16.2x+21.26.-31+ +soo:
1 1 + & _ S _1
m=1,1=0, =~ 1.6. II+II‘.16.;I.+21.26.3I‘ T g 50
Cor. If 27 : 741 :: 2 : m, the fum of the feries can be ac-
curately found, and will be equal to';—'—”—ﬁ~ Let therefore
re.r
m=r+1, and then n= 27, confequently
1 1 L1 , 1
—— + e 4 &C vy T
Te2r4+1 2r41.4r+1 gr+1.0r4+1 - 2r

‘which is alfo known from other principles.

P R O P 1L

d p tb Le .[e gr’e; m \
To find the fum of 1he infinite fer: r+z.2r+1-3r+l+‘

+ &c.

mn m42n
3rtlegr+1.57+1  Srd1.0r41.7r+1

This feries refolves itfelf into
¢ ;_—l-b + c+2b &

) r+1.2r41 2r41.3r+1- 3rtI.4r+t1
for by reduttion, as before, it becomes

2cr—r+1.6 ocr+r—1.4 Coerdar—1.b
e + 3ot + &ec.
r41.27+1. 3,+1 3r+Ile4r+1.5r41 5r+1 6r+1.7r+1
where the denominators are the fame as in the given feries, and

the numerators in arithmetic progreffion; aflume therefore

acr—r41.0=m, zcr+r-—1.é_..m+n, hence 4 =2,
2r

czrm+r+1 o

, which, fubftituted in cor. 2. LEM. 2. give

=]

m m—l—n + m-3n
rd1.2r+1.3r+1 Frdr.grtr.sr4r gr1.0rd 1041
_2r-1.n—2rm 2rm—3r+ 1.8 2rme—r—1.0
273 xS+ 47t 417 T+
Vor. LXXII Fff Cor.

+&C 00,
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Cor. 1. In prop. 1. fubftitute @ for m, and 24 for 7, and we have:
a a+ 26 . a+4b

+‘ - e ‘!"&C. VA T
I.rt1. ‘2'+x 27 b 1.3r+ 0L 40t ‘[4r+.x.5r‘+x.6r+x. o
ra—r+1. 2r4+1.b—ra
73 xS+ 23
Alfoin thls prop. fubflitute 2 + & for m, and 25 for 7, and we have.
a+b : ‘ " a+3b ‘&c.. .. o =
r+1.2r41, 3r+l 3r+1.4rt1a5r+1
r+1.4 —ra ra—2r 1.4 - redb
& xS+ 2r3 Coartx r4a
Subtra&t tlus latter feries from the former, and
9 _ a+b + a+2b &
Ler+I.214+1 r+1.2741. 3r+1 2741, 3r+1.4r-+1
2@ —7141.2b xS 2 +1. b—ra __ rat-2b
o + re TP xiEl
Let =1, and we have
. a a¥b , a+2b & 11b—5a,
- P - Ce o o ° -—-2“ bX S
1.2.3 2.3-413‘4“5 4 +
1 I - F ‘5
; =1 — - T —&C-.oo =ZS""-""h
Ifa=1,6 0",1.2.3 2.3.4+3.4.5 4
X 3 5 ‘ - 17
=1 522 e " "'&Co-c»o-o -—""'-’680-.
4=1, ’1.2.3 2.3.4.+3.4..5, 4

Let 7= 3, and we have,

o _akb a+2b &c””_6a——8b>'<s+536‘~§,3“,~
1.4.7 4.7.10 7.10. 27

1 I

]fa:I’&:o’1.4.7~4.7.1o+7.10 &'C""""S"'i;;
a=1,0= ! - 2 3. — 2 2
a"1’6_1’1.4.7 4.7.xo+7.1o.13 &C""—54 279

If, inftead of {ubftituting in prop. 1. 26 and a for's and m,
‘we had fubftituted two other quantities, as 2~ and 5, and then
proceeded as above, a feries would have been formed, the nus-
merators of whofe alternate terms would have formed each a

a feparate arithmetic progreffion..
2 LE3
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If the latter feries bad been added to the former a feries
would have been formed whofe terms would have been all po-
fitive’; but as I purpofe, in the fecond part of this paper, to
give a general method of fumming all fuch feries, I thall not
ftop here to apply this method of inveftigation.

Cor. 2. In propofition 2. fubftitute @ for m, and 24 for
n, and we thall have

? + a+ 26 +&Ct s a0
741,274+ 1. 31-{-1 r+i.qrt1o5r41
c2r4 1. 3 —ra S+ra—3r~{3—x,b ra—r‘—_j:f;f.
7 : 272, ar*  r41
Alfo in prop. 1. write a — & for m, and 25 for #, and there refults
b

= até + 2+3 +&c, ... =

2r+1.3r+1 4rt+1 4rd1.5r41.0r 41
ra—or+41. r+1.lz—ra__ a—bh

I xS+ Tard rdfeor41
Subtrac this latter feries from the former, and we fhall have

a _ atb : a+2b fec

r+1.2r4¢1.374+1 2r+1i.3r+1I. 4r+1 3rt1.4rd1.5741 neee
_2r41. 2b-2ra %S ra—-gr«l—l.ﬁ‘ ra—r—1.b a— 6
= + 73 + Py S—— +r+x Py

P R O P IL

To find the fum of the infinite feries memmmmmem—e 4.
ILer41 2r+1 31
m+n .m+2n

= +
1.3+l 4T 5 T 4T ST 61, r 1

+ &c.

This feries refolves itfelf into
a _ a4-b + a+-25
Ter4T.2r+1 r41.2r41.3r41  2r+1.3r+I.4r41
for by reduion it becomes
Fffa2 37a - b

- &ec.
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3ra—b 3ar+4 —1.b
Ter+I.27+1,3r+1 27+ 1.3r+1.47+1.5+1
3ar+8r—1.5 + &e.

;;r+1 R o PO T oS S P S
where the numerators are in arithmetic progreflion, and the
denominators the fame as in the given feries ; affume therefore

. 7 _4rm+ﬂ»
3m-é=m,3ra+4"-1 «b=m+mn, hence b = Z;’a'— 1202 7

fubftitute thefe values into cor. 1. prop. 2. and we have
m mt-n
I.r+1.2 +1.3+1 +2r~+1.3r+1 c4r+ 1.5 41
m-on

L gm—3F2.7m

+&c . =T "2 T2 xS

4r+1.5r+1,6r+1.7r+‘1 ort
3r+1.n—2rm __ 7‘m+12___
6r4 6r3. 741
Let r=1, and we have
m m+tn m+2n 4m— §n Jn—5m
v &ola.:m"xs o
1.2.3.4+3.4.5.6+5>.6.7.8+ ¢ 6 + 12
1 : 1 C i S 2 g
fm—=1,n=1 + + F&Ch e ie =S =2 o
1’”_ ? ’1.2.3.4 3:4.5.0 5.6.7.8’_ ¢ 3. 12?
”"'I’”""I’x.2.3.4’+3.Z.5.o+5.6.7.a‘+&c"""'6—”555“
L2 4 T e lf:
=7,n= e o =~ S
m=1 5’1.2.3.4 3.4.5.60 5.6.7.8 L
Let »=2, and we have
m m+n man m—n 10n— 16m
+ o &Coas s m— X Gt s
1.3,5.7 5.7.9-11‘ 9-11.13.15 12 XS 288
S _ I . 4 7 41 1
lfm“l’n”3’1.3,5.7F5.7.9.11+9.11-.13.15+&°""“§8—3“ZSS"
=1i,n=0 ! + T + 1 I 1
m—1, "1 305,77 57911 9.11.13.15+&c"”:1—28“f§
1o n= 19 35 51 .
m=19,n=16 T G T e ity o TR =g

Cor. If n:m as 47 1 37 2, the {fum of the feries can be accu--
rately had; let therefore 7 = 47 and m = 3r 4+ 2,and we thall have

3" +2
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12 + k2 e P8 s D e
Ler4l.2r+1.3r+1 2r+1.3r+1 4t 1. 5r+1 orerd1’

o 5 9 13 .
Ifl/_.l,1-2..3.4+3.4.5.0+5.(}.7.9{_&C.'..-4 9

1 2 I

— 3 I,
=2 1.3.5.7+5.7.9.11+9.n.13 15+&C°'” T 96°
_ 5 1 17 1
?"...6 '&.oo-:""’—“"
4 1.7,.13.19+13.19.25,.31 25.31.37.43T ¢ 336
P R O P. IV.
To find the fum of the infinite [eries ” :
_ ﬁ f f ﬁ ‘/ r+-1.2r+1.3r+1.4r+1+
) m-n m+2n '
3rd1.4r+1.5r+1.0r+1 +5r+1 Ty NI PR +&c.
This feries refolves it{elf into
a _ ’ a-+b + at2b — —&c.
rH1 2r+1.3r4+1  2r41.3r+1.4r+1  3Fr+l.4r+1. 5r+1
for by redution it becomes gra—r+1.b
7+1.2r+1.3r+1. 4741
ratIr—1.b wa+ Tr—1.b T &c. where

SR

g1 4r+1.5r+1.6r41 §Sr+1.6rt1.r+ 1,871
the denominators are the fame as in the given feries, and
the numerators alfo in arithmetic progreflion ; put therefore

3ra~r+1.b=m, 3rat+3 —1.b=m+n, hence b:%_,

a=4TT L which, fubftituted in cor. 2. prop. 2. give

12y
,,,,,,, ” - + mtn + &c.... =
r+1.2r+1.3r+1.4r+1 37+I 4r+x.5rﬁ-1.()r+1
V-{.z n--4_rm S+2rm 4.r+l 2rm—-r~ z n 4rm—2r —1 . 7
Tort ort 1273 . 741 ' 127% rk Ly 2r kL

# Vide oe moivre’s Mif, Anal, pag..134.

Cors.

o
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Cor. 1. In prop. 3. write 2 for m and 25 for n, and we have
2 + ’ e XL + &co v, =
1.7+ 1 .2r41..3r+1 2r4+1.3r+1.47F1 .57+ 1
ora—3r42 . b « S+§7:1—. b—ra ra—!—f.:lv,
3r* ‘ 3rt 6r3.7r+1
Alfo in this prop. write @ + 4 for m, and 24 for #, and we have

-b _ b ‘
— ad + at3 +&C ... =
Fhle2r4-1.3r+1.4r4+1  Fr+T.4r+1.57+1.0r41

3r42.h—2ra v ra— 3/--1— 1.5, ratob _eratb

3" 3r 6r3.r4+1 O/ .r41. 2r+u1) )

o
fubtra& this latter feries from the former, and we have

b
2 - a+_ﬂ‘—*->-v—_ +&CO * 0 o =
I.r+Te2r+1.3r+1 r4T.2rF1e3r+1e4r+1

Ara—3r-+2 .26 3r+1.2b—2ra ra$2b 2ra$b
pre—grbz 2ty gy e —
3r 3r 33 r+1 O urpr.2r41

Let r=1, and we have
a atb + 24 — 105 b—29;
+ a+2 4a—10 ><S+83 322

1.2.3.4.—2;.3..4.5"'3.'4..5.6—- 3 36

. _ 1 . I I 8

Ifa=1,5=0 - ~&e...=4s 2
? ’1.2.3.4 2.3..4.5+3.4.5.6 € 3 9

_ 1 I I 2, 13
a=3,b=1 - —&C, o0 = ~5 =2,
3 "1.2.4 2.3.5+3.4.36 ¢ 3s 30

Let 7= 3, and we have

a _ a+b a+t2b _u&c““=12a—-22/)xs+loz7lz—l56a
1.4.7.10 4.7.10.13'7.10,13.16 243 3.81.50
1 2 3 871 10

Ifa—= —_—Y, —— L
a=1,b 1’1.4.7.10 4.7.10.13 7.10.

1 I 1
4=4,6=3 7 .7.-10 4.10. 13+7 13- Al _;f 227
Cor. 2. Ifa: b as 3r+2 : 2r, the fum of the feries can be ac-
curately found ; take .. 2= 37+ 2, and 4 = 2, and we fhall have
3r+2 _ Ssr+2 1

Coooez

I.r41.2r41, 3741 r+l.2r+1.3r+1.4r+1+ r+l.2r+l.
If

13. 16-—&2- '..=§__8—I_.5—-6—3—j§_]‘ °
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L= 5 — 7 9 — ...l_l_a
If)’ !,1‘2.3.‘4‘ 2'3'405+3-4~-506 &COO.n‘—' 60’
N . 3 4 X
r::z - - ou--:'——;‘
’1.3.5.7 3.5.7.9+5.7.9.u be 15
= II _ 17 23 _ ___1_
r 3"‘1.4.7..10 4.7‘.101.13-+7‘.10.‘13.1() &c""_zS'

P R O P. V.

To findthe fum of the infinite feries “ ,
'ﬁ f f ﬁ ‘/ Ter+1e2r+1.3r+1.47+ 1
m4-n m--on + &

27+l.3r+1.4r+I.5r+I.br+x+4r+1.57+1.br+;.7r+1.8r+1

a

This feries refolves itfelf into S —
, Ier41.274+1.3+1
a--p . 2b
+ + at - &c.; for
reh L 2r4-1.3r+1.4r+1 2r+1.3r+1.4r+1 57+ 1
by redution this feries' becomes et
I.r+T.2r+ 1.3+ 1.47r+1
ratbr—1.. b ra4-127—1 . b
dract + ot +4- &,

2r4-1.3r+ 1. 4r+1.5r+1.6r+1 4r+1.57+1.0r+1.77+ 1. 874+ 1
where the numerators are in arithmetic progreflion, and the
denominators the {fame as in the given feries ; aflume therefore

et g————. - 6 e
gra—b=m,4ra+6r—1.b=m+n, hence =2, ":%fj°
r 24r

which values being fubftituted in cor. 1. prop. 4. give

m + . min +-&Covs o
Yor4T.orT.3r+1.47-F1  2r+1.37+1.47+1.5r+1 LOr--1
2rm—2r~+ 1. n %3 47 1 W —2rm 6rm+ qgn 2rm—+n
S~ 12r° 22t il 2453 r bl 2r L

Let r=1, and we have
m m+n m--on om— 3n 25— 1621
. ’ &iCo v o0 = %S + °
1.2.304.5 344.5..ba7.+5.6.7.8,.9+ 6 72
It
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! I L. SRS PR
;If»m_...vl,n._.o,I WY 5-{-3 WY 7 Iy / = 9+,&c.. oo = SS 5’
= = . 2 &c . 2 Ss
;m_..I,n._.I,I.z 3 4. 5 5 4 5 6 7 5 6 7 8 9+ of.n—-s 6 »
: I =I5l
?71“'4'977-—21 V2. 3 5 3 4 5 7+5 6 7 9+&Cn o s 8 ——3g 6.
_ 25 41 57 I
m:25,n__.16,1.2.3.4.5—%3.4.5.6.74‘ + &Conr e =-S5,

5:6.7.8.9 3
m m-tn :
©3:5.7 5:7.911.13 +,
m--2n +&c. ”.___4-”7'"5’1 S+ 5()’7"44-'”

Let r=2, and we have -

9.11.13.15.17 ) 192 24,120 °
f . + ! } ! +F&e LS L
Im—'l’n‘_o’x.g.s.%g 5.7.9.41.13T9.11.13.15.I7 T 48 24.30°

I I I 1 K
—y vy §Curvrimm S e el
M 351257 L5.7. 9+5.9.¢ IL. 13+9. 13.15. x7+ ¢ 96 24.060
Cor. If n:m as 27 : 2r 4+ 1, the {fum of the feries can be accu-
rately found ; aflume therefore # = 27, m = 2r 41, and we have
' I 1 \ 1

e ]

+ &Couoo
I 1.3r4Le4r+41 zr+1.3r+1-57’+1.6r+l+ ) Orar4-To2r1

Ifr=1, LI L+ +&c.... =

I
I.2.4+5 3.4.0.7 5.0.8.9

I 1 1
1"—3’ 1‘4"10'I3+7-IO.16.19+13.1().22.25+&c' 000’5-'6':1..

Having thus far explained the method of fummation
of fuch feries as I propofed to treat of in the firft part of
this paper, I truft 1t i1s not neceflary to fay any thing fur-
ther, as the fame method of proceeding will manifeftly con-
tinue the feries to any propofed number of fattors in the deno-
minator; I fhall therefore conclude with pointing out a re-
markable property of thofe ferics whofe fum can be accurately
found: that when the number of fa&ors in the denominator
is even, the numerator is always equal to the fum of the two

5 middle



invefligating the Sums of  infinite Series. 408
middle fattors; and when the number of falors be odd, the
numerator will be equal to the middle fa&or, and confequently,
will take it out of the denominator, and leave a feries whofe
numerators aré unity, and whofe denominators want ‘the mid-
dle faltor. ’ |

The method of fummation of feries here made ufe of may
alfo be applied in inveftigating the fums of a great variety of
other feries ; but as a further application of this method would
carry us beyond the limits to which this paper muft be con-
fined, I fhall re-affume the fubjett at fome future opportunity,
and proceed immediately to the fecond part.

P A R T IL

P R O P

To find the fum of the infinite feries — ?

NentMeaoas n-t-rmn
ﬂ+”l.o.'n+r+lom 7Z+2m...on+7"+2-m

Jerences of the numerators become equal to nothing.

s

Aflume a+#b+n a4 m.c+n . n4+m.n+2m . d+8&ec. to

any number (;) of terms ; then, if for # we write s +m, n+ 2m,
n-+ 3m, &c. fucceflively, there will refult a feries of quantities
Vor. LXXII. - 'Ggg whofe
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/ ° . ' . ' ° ) -
whofe rth difference is =o; fubftitute, therefore, this feries of
(Luantities for p, 7,5, &c. refpedtively, and the given feries becomes

atnbt-n.ntm.ct&. atntm bur . nt2m. & +

Hentma..ontrm R aeeisnitbrt1l.m
ad-ntom. b+t nd-2m. rt-3m e+ &c.

ntd2m . Bfr4-2 . m
which manifeftly refolves itfelf into the following feries

+ &c.

a a

—_ e ], = 4 &c
n.n+m....nxrm ndm.e ondr4+1..m nd2mes. .ntr42.m
b b + ' b %
: ' === &,
BAM.eos.ntrm grom...ontr+i.m By 3me.cont+r+2.m
¢ ¢ c
o + &c,

e —

..,v.+ -
Bb2m.coontim gy 3m.eeontr+1.m ntgme.. ntr+2.m

&c. - &ec. &ec.

where the number of feries 1s 7", the fum of each of which being
taken by a well known rule, the fum of the given feries becomes.

a b
— -+

-+

NentmesoonfFr—Lememv NAMess s Bt V—1 .ot or =)
¢

== +&c.

nA2m.eesttr—1.m M or—2
-where the law of continuation is manifeft.

casE 1. To find the fum of the infinite feries 34

1.2.3.4
6 1o 15 ‘
2.3.4.5+3.4.5.6 4.5.6.7"
Here n=1;, m=1, r=3, and the third differences become
=03 therefore g +6 +2¢=3, a_+zé+6¢= 6,a+3b+120= 10,
confequently a=1, b=1, ¢=%, and therefore the fum fought

will be + - ==

I
1.2.3:3

e g s

‘3-3'2+2'3 3

CASE
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1.2
1'3“'5'7

cAsE 2. To find the fum of the infinite feries

—2-3 ._._._s_ﬁ'.._._.&'c,
3579+579 +

In this cafe =1, m =2, » = 3, and the 3d differences become
=o0; thereforea+b+3c— 2,a+3b+15c=6,a+56+35c=12,
confequently a=3, =%, c=%, and hence the fum of the re-

1 ¥

+.

uired feries becomes — 3 ! — .,
q 1.3.5.2.3.4+3.5,2.2.2+5.2.4. 24’

CASE 3. To find the fum of the ify‘z’nite feries 3_,__2_3._!_6___7__8 +
2 4 12 31
3.5.6.7.8.975.6.7.8.9.10 N RN 11+7,8,9__10.“.12+&C'

Heren=3, m=1, r=3, and the 4th differences beconie = o 3
therefore  a+3é+12c+60d=1, a4+ 4b+20ct120d=12>
a+ 50+ 3oc—|—2xod— 4 a+6b+42¢4336d=1 2, confequently
a= —54,b=47,c= —12, d = 3, therefore the {fum ofthe given

—46 +_47 12 5 61
4.5:0.7.5 4:5.67.4 5:6.7.376.7.2.6 50400"

{eries 1 1s

cAsE 4. To find the fum of the infinite feries 1.4.17' -

9 25
4..7.10.13+7.10.13.1.6+&c"

Here n= 1, m= 3,r= 3, and the 3d differences are =0 ; there-

fore a+b+4c—-1, a+4é+28c-—9, a+7b+7oc—z5, confe-

fequently a = -5 p==2, c= ;-, = the fum of the given feries

9
8 ot =37
‘47339 T 473249 ' 7.3-9 2208

will be

Gggaz CASE
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CASE 5. To find the Sum of the infinite Series 1.3"’5.7 -+
4 , 10 20
'3.5.7.9.7.11+5.7.9.11.13+7.9.11.13515,'
‘Inthiscafen=1, m=2, r=4, and the 4th differences become
=o0; therefore a-+b+3c+15d=1, a+3b+1504105d=4,
a+s5b+35c+315d=10, a+7b+63c+693d=20, -confe-
quently =1, b=_%, ¢=, d=_, and hence the fum of

. - . 5 , 3 ,
the given feries becomes 1.3.5.7,,2.4.16+3.5.7.z.3.16 +

I 1 I
5.7.2;2.16+7.2.48=§'8'Z'

This propofition may alfo be applied to find the fum of alt
thofe feries whofe numerators being unity, the denominators
fhall be deficient by any number of correfponding terms, how-
ever taken : for as the produ& of all fuch fa&ors muft form a
progreffion, whofe differences will become equal to nothing,
if fuch products be aflumed for the numerators of the given
feries having its faors compleated, another feries will be
formed equal to the given feries, whofe {um can be found

by this propofition.

1

case 1. To find the fum of the infinite feries et
I I
&c.
2.3.5.7+3.4.0.6+
By ‘complet_:ing the factors mn the denominators, and multi-
plying the numerators by the fame quantities the given feries

. 1S . 24 35 )
vecomes :
1.2.3.4.5.6+2.3.4.5.6.7+3.4.5.0..7.8+ &e

in which cafen=1, m=1, r= 35, and the 3d differences become
=03
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=03 therefore a4+ 2¢c = 15, a+2b+6c=24, a+3b+120=735,,
confequently a=38, b= 3, c=1,and therefore the fum of the fe~

8 g 1 .. 211
ries required is : =
B! - —-x.-z;-;sr-4~s-s+ 2,3.4.5.4“’3.4..5.3 7200 "

casE 2. To find the Jum of ?be infinite feries T}L'}"i+

-

I .
+5"- 9.1§ +&e.

,3;. 7 <13
189 :
This feries,. when' completed becomes TR Ty 1
498~ + 1001 + 17585 + &c..

3:5.7+9-11.13  §5.7.9.11.13.45  7.9.11.13.15.17
where n=1, m=2, r=y5, and-the 4th differences are =o3:
therefore a+b+3c+154d =189, a+,35+1'50+1054._-495,‘
a+56+35c+315d=1001, a-+7b+63¢+693d=1755, con-
fequently ¢ =96, 6=48, c=10, d=1; and hence the fum of
6 48. . 10
1‘.3."5.97.9.2.5+3.5.7,9.~2.4+5‘7-.9.2v.3+

trhe.‘givcn‘feﬁes 1s
769522 18900

CASE 3. To find 1'/5{ fwm of ‘the infinite feries e TrTR
I . Y
4-7-16.19+7.10.19.22

+ &c.

70
1.4.7.10.13.
+-&c where 7 = 1,.

This feries refolves itfelf into — +

130 208
4.7.10.13.106, 19+7 10.13.16. 19 22
m=3, r=5, and the 3d differences =03 thenefore a+b+4c._ 70,
@+ 46+ 28c=130, a+7b+7oc—-zo8 from whence 4=154,.
b=12, ¢=1; therefore the fum of the gwen feries 1s.
34
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54 + 172 " i - 2249 .
5.4:7+10.13:3:5 ' 4:¢7+10.13.344"'7.10.13.343 «,000
By this. propoﬁtlon we may alfo mveﬁlgfttc the fum of the
feries when there are any number of deficient terms in the
denominators, and where the laft differences of the numerators
become equal to nothing ; for if the faGors in the denomina-
tors be completed, and the numerators be multiplied by the
{ame quantities, their differences will ftill become equal to

nothin g

- . . . . . 1 ‘
CASE 1. To find the fum of the infinite feries rsrwi

3 , 6 10, 15
. 4. +3 5.0. d+4.b.‘7.9+5.7."8.10+&C‘

This feries, by completing the fa&ors in the denominators
and multiplying the numerators by the fame quantities, becomes

10 + 54 168
772.3.4.5.0 ' 2.3.4-5.6.7 3.4.5.6.7.8
'Cafe n=—1, m=1, =35, and as the sth differences are =o;
84 b+2c4+6d+246=10, a4 254 6c+24d+ 1200= 54,
a + 36+ 12¢ 4 60d + 360e=168, a4 46+20c+ 1204+ 8 40¢=400,
4+ 5b430c+4-210d+1680¢= 810, from whence a=o0, =0,
¢= —1,d=0, ¢=}, confequently the fum of the given feries is
1 1 17

T 3.4.5.3' 5.2 180"

+ &c. in which

o

cASE 2. To find the fum qf. the infinite ‘/érie:v —

. 1.3.7-9
5 11 _
3:5:9: ”+5 + 714 ~-~13+7 9. 13 . 15+&C'
By procesding as before this feries becomes 3 ‘55' —+
A ® v . 9

35
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35 9 '

3.5.7.9.n+5 7:9.11.13

and the 4th differences =o; therefore a-4-b-+43ct15d=75,
a4 gb-15c4-105d=35, a-4-5d+35c4-315d=799,

@76~ 6304-6934 = 209, confequently a= ~1, b=3, c=},

J-&c. where n=1, m=2, r=y,

d=1, therefore the fum.of the given feries = —! :
4=t fum & Tas ot
3 4 1 s Y 2_5_ ] .

3e85.79203.4 ' §e70202.2 724. 140°

By a method fimilar to that made ufe of in this propofition
may any number of faétors be taken from the denominators of
thofe feries delivered in. part the firft, and alfo'from a great
variety of others; but as the examples here given muft be fuf-
ficient to point out the method of proceeding in all other cafes,
we will proceed to the third part,

P A R T IL

THE fum of every converging infinite ferics, whofe
terms ultimately become equal to nothing; may always be
exhibited by the fum of another feries formed by. colleting
two or more terms of the former feries into' one.  ‘This
is not true,. however, where the terms. of the mﬁmte.‘fcries
continally diverge, or converge to any affignable quantity,

and
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and are affefted with the figns 4., —~, alternately: -for

inftance, the feries $—2%+4- 2~ %4 &c. if we colle&t two

‘terms into one,’ beginning at the firft term, will become

- ;f_: - ZLé - Z)"""'{" &c. If we begin at the fecond- term it
2.3 .

'ﬁ)ccomcs e -}-;-4-}—5 -4~ &c.’; neither of which glves the

{fum of :thc aflumed feries ; but in this, and every other cafe
of the like nature, a corretion will be neceﬂ‘uy to deter-
mine the value of ‘which, and from whence the necefﬁty
thereof arifes, is the fibject of this third part.

L EM M A

. ap 1 I I 1 ¥
y 1 arever ) I T - -
If r be any quantity whatever, thenwill =~ = ~ = -~ = ~ 4
&c. ad infinitum.
For 25 = —-—: (by common dmﬁcm)—.- - + - - - +&c. ad
r
snfinitum.
Cor. 1. Hence — L ==X + L _ 1 4 1 - &c. adinfinitum.
2r r r r

! ¥
Cor, 2. Hence alfo o=

P4 b4
v v
. e o ® .
and = 2= - Z 4 22 B2 L &e. ad infinitum,
2v v v o v

P R OP L

= +’” be the general term of a feries formed by writing for

n any ﬁries of numbers in arithmetic progreffion, and whefe
figns are alternately + and — 5 then if a feries be formed by col
5 lecting
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leéting two terms into one, &egiﬂning at the firft term, the fum of
the feries thence arifing will be lefs than the fum of tbe given feries
by -;—r o f aferies be formed by beginning at the fecond Term, the
Jum  thereaf will be greater than the fum of the given feries
. I
by e

For let " %4 beany twofucceflivetermsoftheferies,
rotm nda.r-+m '

which, if we begin to collet at the firft té;m (the firft term being
+) will be two terms to be colleéted into one, and which will

-—am

therefore give for a general term of the re-

rntmxXnta.r+m
fulting feries. Let us now make # infinite, and then the deno-
minator of this term becomes infinite, and the numerator
finite ; therefore the terms of this latter feries at an infinite
diftance becoming infinitely fmall, the feries will there termi-
nate. Now, by making # infinite in the given feries, the
two fucceflive general terms at an infinite diftance become

Z — 1 confequently #his feries is ftill continued after the other
r Y

terminates; and the terms of fuch a continuation will be
n - nta

rat-m - nta.r+m

(as they begin with by making # infinite)

} - ; + ; - ; + &c. which will alfo be continued ad infin. and

whofe fum by the lemma is -;—r; confequently the given feries
exceeds that which is formed by colleGting two terms into one,

beginning at the firft, by 2ir 3 hence the fum of the Jatzer feries

+2—1; will be equal to the fum of the former. If we begin to
Vou., LXXII, Hhh colle&
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- be the

‘colleé at the fecond term, then will — 7 + e
. rut+m nda.rt+m

two fucceflivegeneral terms of the given feries to be collectedinto
one; confequently the continuation of the given feries when 7 be-

. . . 1 X I I M M
comes infinite will be — = 4 - — = 4+ - — &c. ad infinitum
v r r r

. I . .
whofe fum, by cor. 1. to the lem. s——3 In this cafe, there-
r

fore, the fum of the given feries is lefs than the fum of the
feries formed by collefting two terms into one, beginning at

the fecond term, by El_r ; hence the fum of the latter feries:
-~ 517 will be equal to the fum of the former.

Case 1. Let the given feries be -~ 2% + 3 ‘sfr + &c.

3
4

w

Here r=1, n=1, 2, 3, 4,&c. and m= 1. Now, if we begin:
to colle& at the firft term, the {feries refolves itfelf into
-2 % _ &c. and the correion, to be added, being

2.3 4.5 6.7 :

i
5> We have —

1 _&c.+1for the fum of the
2-3 4-5 6'7 2

. . 1 I I .
given feriess, Now — ——— ——~ —— &c. is well known to

be equal to — 1 + hyp. lzo;c; of4 .25; cgr;}equellt-ly the fum of the
given feries is = —-3 + hyp. log. of 2.

If we begin to collect at the fecond term, the feries becomes.
T'I_z" + —3—?12 + gia + &c. and the corretion, to be fubiractied, being

-;-, we have - LI LIS - Ib + &c.- % for the fum of the given
J .

‘2 3.4

{eries 3



invefligating the Sums of infinite Series. 411

I

feries ;3 but — -+ 3_12 +-—I—g + &c. 1s equal to the hyp. log. of 2 ;

I . 2 5
therefore the fum of the given feries 1s = —~ i +hyp. log. of z,

the fame as before.

cAsE 2. Let the given feries be i - .25 + ;5 + ; +&e.

Here r=2, n=1, 2, 3, 4, &c. m=1. Now, if we

begin to colle® at the fecond term, the feries becomes
1 I

- 5,+5 7+9 II I}+&cc. and the corretion, to be fubiracted,
I I

. I I I
being o we have - FRIOCREwT -!—&rc.-:r for the fum of the

. <o o I I, e - .
given feries; but 1.3+5.7+9. II+8zc. is equal to a circular

arc (A) of 22°%, whofe radius is unity ; therefore the fum of

. . I
the given feries = A - 7

P R O P. 1

IF % be the general term of a feries formed by writing for

n any feries of numbers in arithmetic progreffion, and whofe terms
are alternately + and ;5 then if a feries be formed by colleting
two terms into one, beginning at the firfk term, the fum of the

Jeries thence arifing will be lefs than the fum of the given feries by
%

Z. If a feries be formed by beginning at the fecond term, the

2y

fum thereof will be greater than the fum of the given feries by ;’i‘
. : -

Hhho2 For
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vhre _wbebes® e any two fucceffive termsof the gis
‘ w+nv  wrta.v

ven feries, which, if we begin to.colle& at the firft term, will be
the two general terms to be colle&ed into one, and will therefore

axvV— awz

For let

for a general term of the refulting feries.

give :

wtnvXw-tnta.v »
Let us.now makezninfinite and thenthis term-will vanifh, and con-
fequently the refulting feries will terminate at an infinite diftance.

Now, by making #» infinite in the given feries, the two {uccef-

h ytnx xtrnta.z
w+nv wtnta.v

by making #

Aive terms (as they begin wit

° . 3 P b4 . . . . . -
infinite) become oo this feries, . therefore, 15 {till continued

after the other terminates; and the terms of fuch a contiriua-

tion will be.—g —-E +§‘ - ;Z; + &c. ad infinitum,. and whofe fum

) . B . SR ~ o )
by cor. 2. to the lem. is 3 confequently the given feries ex-
ceeds that which is formed by colle&ting two terms ifito one,

beginning at the firft, by ;; ;- hence the fum of the /arter feries

e :—-v will be equal to the fumof the Jormer: Now, if we begin to

colleft at the fecond term, then will —*¥72 | *Huta.=
w4nv L wtnta.v
general terms of the given feries-to.be colleéted into one; con-

fequently the continuation of the given feries, when.z becomes

be two

infinite, will be — g + 2 - -f; + g —&c. ad infinitum, whofe fum

by cor. 2. to the lem. is — -;'; ;. in this - cafe, therefore, the fum

of the given feries is lefs than the {um of the feries formed by
colle@ing two terms into one, beginning at the fecond term, by

o
D
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;’;: hence the fum of the latter {eries — f— will be equal to the
v/ v i

fum of the former,.

CASE 1. Let the given feries be %'_ fgi.{.%ﬁ __._Ié? +&e.
o

- Herex=3, s=2, w=1, v=1, 2=2, 4, 6, 8, &e. Now,
if we begin to colle&t' at the firft term, the feries becomes

3 25 + - 29 +- 12 o + &c. and the correction, to be added, being 1,
we have §—§+?E -I-I-—-——- +&c. 41 for the fum of the given

feries;. but if A=-a circular arc of 45° whofe radius is

2
7.9+11 -+ &c, =1-A3

therefore the {fum of :the given feries is 2 - A.-

unity, it is well known that >— 4

CASE 2.. Lt the given feries be _1_19 - 32_7 +§3§ - f‘f +&e.

Here w=1, v=1, ¥=16, =11, z=o0, 1, 2, 3, &ec.
Now, if we begin to collet at the firft term, the feries becomes

152+354+ 5_ +&ec..and the corleéhon, to be added, being:

I1

—» we have - + S + S_ +&C. +..—2~for the fum of the given

I.2

feries ; but 15‘ > +~‘35. 4+65. > +&c. is equal to 5 x hyp. log. of 2,
confequently the fum of the. given feries is equal to
3;1-!-5 x hyp. log. of 2.

aXvV-— auwx
Becaufe —, the general term of the feries
W XWrnt+a.v

formed
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formed by reducing two terms into one, has its numerator indee
pendent of the value of, 2, it is manifeft, that the numerators of
that feries will be all equal. Now, 1f a feries be affumed, the
numerators of whofe terms are umity, and in every other
refpe&t the fame as the feries in this propofition, that is, if

1 . ' ) . . o«
— — e be two fucceflive terms of a feries, it 1s ma-
w--ny wdnta.v

nifeft, that if every two terms of this feries be reduced
into ene, the general term of the refulting feries will be

—_av . .
z , where the numerator 1s a conftant quantity

w4 wv Xwtata.v o )
—av ; confequently the fum of the feries whofe general term is

A —— is to the fum of the feries whofe general term
WA Xwtnta.v
is ik as vx — wz to— v, or In a given ratio;

wtnv XWHn+a. v
whenever, therefore, the {um of the latter feries can be found,

the fum of the former can be found, and confequently, after
proper corre&ion, the fum of the feries in this propofition can
be found.

Hence, therefore, in the two cafes given above in whatever
arithmetic progreflion the numerators may proceed, the fum of
the former can always be exprefled by circular arcs, and the
latter by the hyp. log. of 2.

Hence alfo, as it appears from lem. 1. part the firft, that

- 1, vt
the {um of the ferxesx-—ﬂ_l P

be exprefled by circular arcs and logarithms, it is manifeft,
that if the numerators form any arithmetic progreffion, the
fum of fuch feries may be found by this propofition, and will
always be exhibited by circular arcs and logarithms.

+ &c. can always

 Befides
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Befides the feries contained in the foregoing' propofitions, a
great variety of other feries might be produced where a car-
reCtion is neceflary, after colleCting two terms into one, in
order to. exhibit the true value of the given feries. As the
proper corretion, however, may always be found from the
principles delivered in the above propofitions, that is, by confi-
dering what the terms of the given feries become at an infinite
diftance, 1 fhall only add one or two inftances more, and con-
clude what I at prefent intend to offer on this fubject.

EX. 1. Let it be required 1o find the fum of the infinite feries

3:4_4.5,5.6 6.7
-+ &ec..
.2 2.3 3445+

This, by refolvh]g two terms Into one, becomes - 16 +

2.3
2 244 5+5 3; 7v—-&c-.; and as the terms. of the given feries
continually approach to unity, the correftion, to be added, is

1 16 24 32 1.
30 coxlfgquelltly YRy RO -—-&c.-}- -~ 1s equal to
the fum of the given- fenes 5 but by prop. 1. part I. the fum of

. 16
t=hefer1€sl'2_3+3 " 5+5 6.,

being the hyp. log. 2.) confequently the fum of the given {eries:
is 8S—13..

+&c. 1s equal to 8S—2 &

xx. 2. Let it be required 1o find the fum. of the infinite feries
1.2 _2:3,3.4_ 425 &,

2
1-«3 3.5 §5:7 7.9
This feries, by refolving two- terms into one, becomes:
4 . 8 +—12 4 &c.and as the terms of the given.

1.3.5+5.7.9 9.11.13 .
2 {eries
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Aeries continually approach to 2, 'the -correion, to be added,
4

4 8 12
+
. 5+5.7.9 911 |
‘to the fum of the given feries; but by prop. 1..part L the fum
. 4 8 12 ., I, 1 .
of - 3.5-1-5.7 .9+9.~n : I3~1—<‘SZC. 1s equadl to 48-}- 5 (S being
a circular arc of 435°, whofe radius.is unity) hence the {um of

. I T .
will be~§, therefore - 13-~+ &ec. +gis =

‘the given feries is ‘%S + i .

T'his method 1s not only applicable to thofe cafes, where the
given feries refolves itfelf into another, whofe fum is either
accurately known or can be exprefled by circular arcs and loga-
rithms, but alfo to thofe cafes where we want to approximate
to the value of the given feries, as it muft, in general, be
neceffary firft to render the terms of the feries converging, by
«collefting two into one, before the operation of approximation
begins, and confequently a corretion of this latter is neceffary
in order to exhibit the value of the given feries.
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Page. Line, ‘
72. 2. for comunicated rzad communicated
7% 12. for mercury removed without caufing this to fife read remove
without caufing the mercury to rife
8i; ©. for fmaller towards the middle r¢ad larger towards the middle
391s =~ the laft line, for = read +
403, 12, for — 54 read —46

: . rn+m
#408: 3. from the bottom, for —— read

I3
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